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Abstract
The notion of a Moscow space [A.V. Arhangel’skii, Comment. Math. Univ. Carolinae 24 (1983)
105–120] and a new notion of a weakly Klebanov space, introduced below, are applied to study
topological properties of spaces X such that some power of X is homogeneous. Under this
approach, a crucial role is played by a theorem of Y. Yajima [J. Math. Soc. Japan 36 (1984)
689–699]. Several general theorems are established that expose the general rules behind certain
earlier more concrete results of E. van Douwen [Proc. Amer. Math. Soc. 69 (1978) 183–192] and
V.I. Malychin [Proceedings of Leningrad International Topology Conference, Nauka, Leningrad,
1983, pp. 50–61].
In particular, it is proved that every Corson compact space X such that Xτ is homogeneous,
for some cardinal number τ , is first countable (Corollary 4.9). This shows why every power of
the one-point compactification of an uncountable discrete space is not homogeneous [Proc. Amer.
Math. Soc. 69 (1978) 183–192]. V.I. Malychin proved that (ω1 + 1)τ is not homogeneous for any
τ [Proceedings of Leningrad International Topology Conference, Nauka, Leningrad, 1983, pp. 50–
61]. This is covered by Corollary 4.12 below: if some power of a compact scattered space X is
homogeneous, then X is countable.
It is also shown that, on many occasions, βX is the only compactification of X that can be
homogeneous or power homogeneous.  2002 Elsevier Science B.V. All rights reserved.
AMS classification: Primary 54D50; 54D60, Secondary 54C35
Keywords: Moscow space; Weakly Klebanov space; Stone– ˇCech compactification; Homogeneity;
Power homogeneity; Gδ-dense set; Malychin point; Corson compact space; Scattered space;
ω-monolithic space
0. Introduction
A topological space X is called power homogeneous, if there exists a cardinal number
τ > 0 such that the space Xτ is homogeneous. Recall that a space X is homogeneous, if
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for each x ∈ X and each y ∈ X there exists a homeomorphism h of X onto X such that
h(x)= y .
It may easily happen that a space X is not homogeneous while some power of X is
homogeneous, that is, X is power homogeneous. For example, the countable power of the
usual convergent sequence is homogeneous: it is homeomorphic to the Cantor set.
The first deep paper, in which power homogeneity was studied, was written by van
Douwen [9]. Later Malychin obtained interesting results in the same direction [20]. Several
very interesting results on non-homogeneity of products of compact spaces satisfying
certain conditions were obtained in Kunen’s survey paper [19].
For example, van Douwen established that the Alexandroff one-point compactification
A(τ) of an uncountable discrete space of cardinality τ is not power homogeneous [9].
Uspenskij proved that for each Tychonoff space X there exists a Tychonoff space Y such
that the product space X×Y is homogeneous [28]. Another beautiful concrete result in the
same direction was obtained by Dow and Pearl [12]: every first countable zero-dimensional
Hausdorff space X is ω-power homogeneous.
A remarkable result on power homogeneity, going in the opposite direction, was
obtained by Bell [7]: if a compact space X is a continuous image of a linearly ordered
compact space, and X is power homogeneous, then X is first countable.
On the other hand, not every metrizable space is power homogeneous. Indeed, if X is
any space with an isolated point a, and X is power homogeneous, then, as it is easy to
see, the space X is zero-dimensional. Thus, adding an isolated point to the usual closed
interval, we obtain a metrizable compactum that is not power homogeneous.
In this paper, we find new necessary conditions for a space to be power homogeneous.
This allows to give new proofs of many results of van Douwen and Malychin. The key new
idea is to use Moscow spaces approach and the results on C-embeddings recently obtained
in [5] and [6].
All spaces under consideration are assumed to be Tychonoff. We follow notation and
terminology adopted in [13] and [4]. In particular,R is the usual space of real numbers and
D is the discrete two points space {0,1}.
1. Moscow spaces and power homogeneity
A canonical closed subset of a space X is the closure of an open subset of X. A space X
is called Moscow [2,4] if every canonical closed subset of X is the union of a family of Gδ-
subsets of X. Clearly, every space of countable pseudocharacter is Moscow. On the other
hand, every extremally disconnected space is also Moscow. The notion of a Moscow space
also generalizes the notion of a perfectly κ-normal space (see [25] and [22] for further
information and references).
The one-point compactification of an uncountable discrete space can serve as the
simplest, standard, example of a space that is not Moscow [6]. If we take two copies of the
space Dω1 , fix a point in each of them and identify these points, we also obtain a compact
space that is not Moscow (though it is dyadic).
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Another set of examples of non-Moscow spaces can be obtained as follows. We say that
X is a P -space if every Gδ-subset of X is open. Clearly, a P -space is Moscow if and only
if it is extremally disconnected [5]. However, according to Isbell [17,15], every extremally
disconnected P -space of Ulam non-measurable cardinality is discrete. Therefore, every
non-discrete P -space of a not too large cardinality can serve as an example of a non-
Moscow space. Notice in this connection that every spaceX with a non-Gδ-point in it gives
rise to such a P -space. Indeed, it is enough to take the Gδ-modification Tω of the topology
T of X; the space so obtained is a non-discrete P -space of the same cardinality as X.
Recall that a subset Y of a space X is said to be Gδ-dense in X if every non-empty
Gδ-subset of X intersects Y . The following lemma is the key result from [6] we rely upon.
Lemma 1.1 [6]. If Y is a Gδ-dense subspace of a homogeneous space X, and Y is a
Moscow space, then X is also a Moscow space.
In connection with Lemma 1.1, we notice that every dense subspace of a Moscow space
is, clearly, a Moscow space. The next lemma is well known and obvious.
Lemma 1.2. If Y is a Gδ-dense subspace of a space X, and τ is a cardinal number, then
Y τ is Gδ-dense in Xτ .
We will call a space X a fine Moscow space if Xτ is a Moscow space for every cardinal
number τ . The next assertion is one of useful technical tools in our quest for spaces that
are not power homogeneous.
Theorem 1.3. If X contains a Gδ-dense fine Moscow subspace Y , and X is power
homogeneous, then X is a fine Moscow space itself.
Proof. From Lemma 1.2 and the definition of a fine Moscow space it follows that if
X contains a Gδ-dense fine Moscow subspace, then every power of X contains such a
subspace. Therefore, it is enough to show that X is a Moscow space. Let τ be a cardinal
number such that Xτ is homogeneous. Then Y τ is a Gδ-dense Moscow subspace of Xτ
(see Lemma 1.2). Now from Lemma 1.1 it follows that the space Xτ is Moscow. Clearly,
X is a retract of Xτ . It remains to apply the next easy to prove lemma from [6]. ✷
Lemma 1.4. Every retract of a Moscow space is a Moscow space.
Let us present some applications of Theorem 1.3.
Theorem 1.5. If X is power homogeneous, and Y is a Gδ-dense fine Moscow subspace of
X, then Y is C-embedded in X.
Proof. Indeed, in view of Theorem 1.3, all we need is the following result from [30]. ✷
Proposition 1.6. Every Gδ-dense subspace Y of a Moscow space X is C-embedded in X.
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The next statement easily follows from Proposition 1.6.
Corollary 1.7. Every Gδ-dense subspace Y of a compact Moscow space X is pseudocom-
pact, and X is the Stone– ˇCech compactification of Y .
Combining Theorem 1.5 and Corollary 1.7 together, we arrive at the next conclusion:
Corollary 1.8. If X is a power homogeneous compactum, and Y is a Gδ-dense fine Mos-
cow subspace of X, then Y is pseudocompact (in every power), and X is the Stone– ˇCech
compactification of Y .
Šcˇepin introduced the class of κ-metrizable spaces (see the definition in [25]) as an
extension of the class of metrizable spaces, and proved that the product of any family of
κ-metrizable spaces is a κ-metrizable space, and a dense subspace of a κ-metrizable space
is κ-metrizable [25]. Every κ-metrizable space is perfectly κ-normal [25], and therefore, a
Moscow space. From these statements we easily come to the following conclusion:
Proposition 1.9. Every κ-metrizable space is a fine Moscow space.
From Theorem 1.3 and Proposition 1.9 we immediately obtain the following result:
Theorem 1.10. If a space X contains a Gδ-dense κ-metrizable subspace Y , and X is not
a fine Moscow space, then X is not power homogeneous.
Corollary 1.11 [9]. The Alexandroff one-point compactification A(τ) of an uncountable
discrete space of cardinality τ is not power homogeneous.
Proof. Indeed, the subspace D(τ) consisting of all isolated points of A(τ) is Gδ-dense in
A(τ). Since D(τ) is metrizable, and A(τ) is not Moscow [5], it follows from Theorem 1.6
that A(τ) is not power homogeneous. ✷
Notice that similar arguments can be applied to obtain some new results on homoge-
neous compactifications of spaces, in particular, of pseudocompact spaces.
Theorem 1.12. Let X be a pseudocompact Moscow space, and Z a homogeneous
extension of X, that is, Z is a homogeneous space containingX as a dense subspace. Then
there exists a subspace Y of the Stone– ˇCech compactification βX of X such that X ⊂ Y
and Y is homeomorphic to Z. In particular, if Z = bX is a homogeneous compactification
of X, then bX= βX, that is, bX coincides with the Stone– ˇCech compactification of X.
Proof. Since X is pseudocompact, it follows that X is Gδ-dense in Z. Since Z is
homogeneous, Lemma 1.1 and Proposition 1.6 imply that X is C-embedded in Z.
Therefore, βZ is also the Stone– ˇCech compactification of the subspace X of Z. Thus,
X⊂ Z ⊂ βX. If we assume that Z is compact, then Z = βX, since Z is dense in βX. ✷
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The next result, formally independent from Theorem 1.12, is proved by a similar
argument.
Theorem 1.13. Let X be a pseudocompact fine Moscow space and Z a power homoge-
neous extension of X. Then there exists a subspace Y of the Stone– ˇCech compactification
βX of X such that X ⊂ Y and Y is homeomorphic to Z. In particular, if Z = bX is a
power homogeneous compactification of X, then bX= βX, that is, bX coincides with the
Stone– ˇCech compactification of X.
Proof. Since X is pseudocompact, X is Gδ-dense in Z. It follows from Theorem 1.5 that
X is C-embedded in Z. Therefore, βZ is also the Stone– ˇCech compactification of the
subspace X of Z. Thus, X ⊂ Z ⊂ βX. If we assume that Z is compact, then Z = βX,
since Z is dense in βX. ✷
Corollary 1.14. If X is a pseudocompact κ-metrizable space, and bX is a power
homogeneous compactification of X, then bX= βX.
Proof. We only have to observe that every κ-metrizable space is a fine Moscow space. ✷
Corollary 1.15. If G is a pseudocompact topological group, and bG is any power
homogeneous compactification of the spaceG, then bG is the Stone– ˇCech compactification
βG of G.
Proof. Indeed, it is enough to refer to Theorem 1.13 and to the next statement. ✷
Proposition 1.16. Every pseudocompact topological group is a fine Moscow space.
Proof. Every power of a pseudocompact topological group is a pseudocompact topologi-
cal group [8] (see also [5]). Since every pseudocompact group is a Moscow space [5], the
conclusion follows. ✷
Corollary 1.15 should be compared to the following classical result of van Douwen [10]:
a topological group G is pseudocompact if and only if the Stone– ˇCech compactification
βG of G is a homogeneous compactum.
An extension Y of a space X will be called an ω-extension of X, if X is Gδ-dense in Y .
Theorems 1.12 and 1.13 can be extended to homogeneousω-extensions of arbitrary spaces.
In particular, the proof of the next result should be by now obvious:
Theorem 1.17. If Y is a (power) homogeneous realcompact ω-extension of a (fine)
Moscow space X, then Y coincides with the Hewitt–Nachbin realcompactification of X.
The arguments in this section show that it would be beneficial for the study of power
homogeneity to know which topological spaces are fine Moscow spaces. One such class
of spaces we already know: the class of κ-metrizable spaces. Two more large classes of
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Moscow spaces we present in Section 3. It turns out that the spaces in the class possess
some stronger property than Moscow spaces in general, and that this property can be used
in the study of power homogeneity in a very efficient way in situations, where Moscow
property does not work. This property is introduced and studied in the next section.
2. Weakly Klebanov spaces
A space X will be called weakly Klebanov, if the closure of the union of any family of
Gδ-subsets of X is also the union of a family of Gδ-subsets of X. Klebanov introduced in
[18] the class of spaces X such that the closure of the union of any family of Gδ-subsets
of X is a zero-set in X (and, therefore, a Gδ-subset of X). He has shown that the product
of any family of metrizable spaces satisfies this condition [18]. Now the spaces satisfying
Klebanov’s condition are often called Klebanov spaces (see [31,22]). This justifies our
terminology.
Clearly, every space of countable pseudocharacter is weakly Klebanov though it need
not be a Klebanov space (since there are first countable compacta that are not perfectly
normal). It is also obvious that every weakly Klebanov space is Moscow. The converse is
not true. To show this, we need some preliminary statements. The first of them is pretty
obvious.
Proposition 2.1. Every Gδ-subspace of a weakly Klebanov space is a weakly Klebanov
space.
Recall that X is a P ′-space if every non-empty Gδ-subset of X has non-empty interior.
Theorem 2.2. A P ′-space X is Moscow if and only if it is extremally disconnected.
Proof. Let U be an open subset of X. Assume that U is not open. Then there exists a point
x ∈ U which is in the closure of the open set W =X \U . Since X is Moscow, there exists
a Gδ-set P such that x ∈ P ⊂U ∩W . Clearly, the interior of P is empty, a contradiction.
In the other direction the statement is obvious: every extremally disconnected space is
Moscow [5]. ✷
Example 2.3. Let X = βω be the Stone– ˇCech compactification of the discrete space ω,
and Y = βω \ ω. Then Y is a P ′-space [13]. Since Y is not extremally disconnected, it
follows from Theorem 2.2 that Y is not a Moscow space (in fact, we can derive from
Theorem 2.2 that Y does not contain a dense Moscow subspace!). Since every weakly
Klebanov space is Moscow, it follows that Y is not weakly Klebanov.
However, Y is a Gδ-subset of X. Therefore, by Proposition 2.1, X is not weakly
Klebanov. On the other hand, X is extremally disconnected and, hence, Moscow. Thus,
X = βω is a compact Moscow space that is not weakly Klebanov. We also see that a
Gδ-subset of a Moscow space needn’t be a Moscow space.
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Now we are going to establish some basic properties of weakly Klebanov spaces similar
to those of Moscow spaces, described in the previous section.
We will need the next almost obvious statement:
Lemma 2.4. If Y is a Gδ-dense subspace of X, and Q is any Gδ-subset of X, then Q∩ Y
is Gδ-dense in Q.
Lemma 2.5. Let Y be a Gδ-dense weakly Klebanov subspace of a homogeneous space X.
Then X is also weakly Klebanov.
Proof. Let x ∈X and x ∈ ∪γ , where γ is a family of Gδ-sets in X. We have to show that
there exists a Gδ-set P in X such that x ∈ P ⊂ ∪γ . Since X is homogeneous, we may
assume that x ∈ Y .
Put γY = {Q∩ Y : Q ∈ γ }. Then γY is a family of Gδ-sets in Y . Since Y is Gδ-dense in
X, it follows from Lemma 2.4 that Q∩ Y is Gδ-dense in Q for each Q ∈ γ .
Therefore, x belongs to the closure of ∪γY . Since Y is weakly Klebanov, it follows that
there exists a Gδ-set PY in Y such that x ∈ PY ⊂∪γY . Take a Gδ-subset P in X such that
PY = P ∩ Y . By Lemma 2.4, P ⊂ PY . Therefore,
x ∈ P ⊂∪γY ⊂∪γ ,
that is, X is weakly Klebanov. ✷
Note the next statement, the proof of which is obvious after Lemma 2.4:
Proposition 2.6. Every Gδ-dense subspace Y of a weakly Klebanov space X is weakly
Klebanov.
Finally, we need the next simple fact:
Lemma 2.7. Let Y be a subspace of a weakly Klebanov space X such that there exists a
continuous retraction g of X onto Y . Then Y is also weakly Klebanov.
Proof. Assume that γ is any family of Gδ-subsets of Y . Let F be the closure of ∪γ in Y .
Put γX = {g−1B: B ∈ γ }. Then, by continuity of g, γX is a family of Gδ-subsets of X.
Consider the closure H of ∪γX in X. Since X is weakly Klebanov, H is the union of some
family η of Gδ-subsets of X.
Claim: H ∩Y = F . Since g is a retraction, ∪γ ⊂∪γX and, therefore, F ⊂H . It remains
to show that if a point a of Y is not in F , then a is not in H . Indeed, under the assumption,
there exists an open neighbourhood V of a in Y disjoint from ∪γ . Since g(a) = a and
g is continuous, it follows that there exists an open neighbourhood U of a in X such
that g(U) ⊂ V . Then U is disjoint from ∪γX . Therefore, U ∩H = ∅. Thus, the Claim is
justified.
From the Claim it follows that the family ηY = {P ∩Y : P ∈ η} is a family of Gδ-subsets
of Y such that ∪ηY = F . ✷
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In conclusion of this section we show that Proposition 2.6 does not generalize to dense
subspaces of weakly Klebanov spaces.
Example 2.8. Let T be the usual σ -product of ω1 copies Iα of the closed unit interval I
(where α ∈ ω1). Uspenskij in [29] has defined a dense subspace X of T with the following
properties:
(1) Every point x ∈ T such that exactly one coordinate of x is 1 and all other coordinates
are 0 is in X;
(2) X is the union of a countable family of closed discrete subspaces of X.
From (2) it follows that every point in X is a Gδ . Therefore, X is weakly Klebanov.
However, it turns out that adding just one new point of T to X, we can obtain a dense
subspace of T that is not weakly Klebanov. Indeed, let θ be the point of T with all zero
coordinates. Put Z =X ∪ {θ}, and let F be the set consisting of the point θ and all points
x of T such that exactly one coordinate of x is 1 and all other coordinates are 0. Clearly, F
is a compact subspace of T ; in fact F is the one point compactification of an uncountable
discrete space. Therefore, F is not first countable, and, hence, θ is not a Gδ in F . It follows
that θ is not in X.
Let us show that the space Z is not weakly Klebanov. Assume the contrary. Note, that
Z is Fréchet–Urysohn, since T is Fréchet–Urysohn [13] and Z is a subspace of T . Also
θ ∈ X. Therefore, there exists a sequence {xn: n ∈ ω} of points of X converging to θ .
Since each point xn is a Gδ in X and, therefore, in Z, and Z is weakly Klebanov, to get the
desired contradiction it remains to apply the next lemma:
Lemma 2.9. Let X be a weakly Klebanov space, and assume that {xn: n ∈ ω} is a
sequence of Gδ-points of X, converging to a point x ∈X. Then x is also a Gδ-point in X.
Proof. Indeed, the closed set B = {xn: n ∈ ω} ∪ {x} is the union of Gδ-subsets of X, since
X is weakly Klebanov. It follows that there exists a Gδ-set P in X such that x ∈ P ⊂ B .
Since B is countable, it follows that x is a Gδ in X. ✷
To complete our discussion of the space Z in Example 2.8, we add that Z is κ-
metrizable, since it is a dense subspace of the product of intervals. Thus, not every κ-
metrizable space is weakly Klebanov. We also see that adding one point to a weakly
Klebanov space we may obtain a space that is not weakly Klebanov, even though it is
Moscow.
As we will see in the next sections, Lemma 2.9 may be considered as one of the key
facts on weakly Klebanov spaces.
The construction of the space Z in Example 2.8 may appear a little bit too complicated.
However, the σ -product of ω1 copies of the closed interval I is weakly Klebanov. We will
prove now a general result from which this easily follows.
We start with a definition. Let us say that Gδ-tightness of a space X is countable if, for
each point x ∈X and every family γ of Gδ-subsets of X such that x ∈ ∪γ , there exists a
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countable subfamily µ of γ satisfying the condition x ∈ ∪µ. Clearly, if the tightness of X
is countable, then the Gδ-tightness of X is countable. In particular, the Gδ-tightness of the
σ -product of any family of real lines is countable, since this space is Fréchet–Urysohn.
The σ -product of any family of real lines is also a topological group. Thus, it remains to
prove the next statement.
Theorem 2.10. If G is a topological group of countable Gδ-tightness, then the space G is
weakly Klebanov.
Proof. Let γ be a family of Gδ-subsets of G, and A = ∪γ . Clearly, for each x ∈ A, we
can fix a Gδ-subset Px of G such that e ∈ Px (where e is the neutral element of G) and
xP 2x ⊂ A. Put η = {xPx : x ∈A}. Obviously, every element of η is a Gδ-subset of G, and
A=∪η.
Now take any a ∈ A¯. Since G is of countable Gδ-tightness, it follows that there
exists a countable subset B of A such that a ∈ M , where M = ⋃{xPx : x ∈ B}. Put
P =⋂{Px : x ∈ B}. Since B is countable, and Px is a Gδ-subset of G containing e, it
follows that P is also a Gδ-subset of G containing e. Therefore, aP is a Gδ-subset of G
containing a. We claim that aP ⊂ A¯.
Indeed, from the choice of Px it is clear that
MP ⊂
⋃
{xPxP : x ∈B} ⊂
⋃{
xP 2x : x ∈ B
}⊂A.
Since a ∈M , and the multiplication in G is continuous, we have aP ⊂MP ⊂ A¯. Hence,
G is weakly Klebanov. ✷
Corollary 2.11. Every topological group of countable tightness is weakly Klebanov.
Corollary 2.12. The Σ-product (the σ -product) of any family of metrizable topological
groups is weakly Klebanov.
Proof. Indeed, any such product is a space of countable tightness ([21], see also [13]). ✷
It follows from Corollary 2.12 that the σ -productX of any number of copies of the space
of real numbers is weakly Klebanov. However, the σ -product Y of any family of closed
intervals can be represented as a retract of the last space X. Therefore, by Lemma 2.7, the
space Y is also weakly Klebanov.
Corollary 2.13. The Σ-product (the σ -product) X of any family of zero-dimensional
metrizable compacta is weakly Klebanov.
Proof. Indeed, every nonempty zero-dimensional metrizable compactum is a retract of the
Cantor set, which is a topological group [13]. Therefore, X is a retract of the Σ-product
(the σ -product) Z of a family of metrizable topological groups. Therefore, by Corollary
2.12 and Lemma 2.7, X is weakly Klebanov. ✷
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3. Some subclasses of the class of weakly Klebanov spaces
In this section, with the help of some remarkable results of Yajima [31] and Ohta, Sakai,
and Tamano [22], we discover large natural classes of spaces contained in the class of
weakly Klebanov spaces.
Theorem 3.1. The product of any family of first countable spaces is weakly Klebanov.
Clearly, Theorem 3.1 follows from the next result.
Theorem 3.2. If Xα is a space of countable pseudocharacter, for each α ∈ A, and for
every finite subset K of A the product space∏{Xα: α ∈K} has countable tightness, then
the product space
∏{Xα: α ∈A} is weakly Klebanov.
Proof. This theorem is an obvious corollary to Theorem 7 in [31] (see also Corollary 3
in [31]). ✷
In connection with Theorem 3.2, it is natural to ask whether the product of every family
of spaces of countable pseudocharacter is weakly Klebanov. The answer is in negative. To
see this, we need Theorem 3.3 below which is a version of Theorem 6 in [31].
First, we recall that a σ -space is a space with a σ -discrete network. Clearly, each point in
a σ -space is a Gδ ; therefore, every σ -space is weakly Klebanov. The class of paracompact
σ -spaces is a natural extension of the class of metrizable spaces. Since the product of any
family of metrizable spaces is Klebanov, it is reasonable to ask, whether the product of
every family of paracompact σ -spaces is a weakly Klebanov space. Example 3.4 below
shows that this is not the case.
Theorem 3.3 [31]. Let X be the product of a family of σ -spaces, and F a closed subset of
X such that F is the union of a family of Gδ-subsets. Then F is a Gδ-set in X.
Example 3.4. We denote by S(ω1) the Fréchet–Urysohn fan of cardinality ω1, that is, the
quotient space obtained when we identify the limit points in the free topological sum of ω1
copies of the usual convergent sequence ω + 1. Clearly, S(ω1) is a paracompact σ -space
with a single non-isolated point; in fact, S(ω1) is a closed continuous image of a metric
space. Of course, S(ω1) is not first countable; however, S(ω1) is a Fréchet–Urysohn space.
In particular, the tightness of S(ω1) is countable.
Put X = S(ω1)× S(ω1)×Dω1 , where D is the two-point discrete space. Clearly, X is
the product of paracompact σ -spaces of countable tightness.
Claim: The space X is not Moscow. Therefore, it is not weakly Klebanov.
Assume the contrary. Then, by Theorem 3.3, for any open subset U of X, the closure of
U is a Gδ-set. Now we need the next statement:
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Lemma 3.5. Let Y be a space such that the weight of Y does not exceed ω1. Assume also
that in the product space S(ω1)×S(ω1)×Y the closure of every open set is a Gδ-set. Then
every closed subset of Y is a Gδ-set.
Proof. This lemma is almost identical to Theorem 3 in [22]. Moreover, the proof of
Theorem 3 in [22], after trivial changes, becomes a proof of Lemma 3.5. ✷
To complete the argument, we apply Lemma 3.5 with Dω1 in the role of Y . It follows
that every closed subset of Dω1 is a Gδ-set, which is not the case. This contradiction shows
that X is neither Moscow nor weakly Klebanov.
Example 3.4 demonstrates that Theorem 3.2 can not be easily improved.
Yet another corollary to Theorem 3.2 is worth mentioning.
Corollary 3.6. The product of any family of spaces with a countable network is weakly
Klebanov.
Proof. Indeed, the product of any finite family of spaces with a countable network
is a space with a countable network. Therefore, this product is a space of countable
tightness. ✷
4. Weakly Klebanov spaces and power homogeneity
In this section we apply the techniques developed in the previous two sections, in
combination with some ideas introduced earlier by Malychin [20], to obtain certain results
on the structure of power homogeneous spaces.
Let η be a family of subsets of a space X. We will say that η Fréchet accumulates to
a point x ∈ X if x ∈ ∪η and x ∈ ∪ξ for every infinite subfamily ξ of η (that is, every
neighbourhood of x intersects all but finitely many elements of η).
Malychin introduced the following notion (under a different name) [20]. A point x of a
space X will be called a Malychin point if for every family γ of Gδ-sets in X such that
x ∈ ∪γ there exists a countable subfamily η of γ such that η Fréchet accumulates to x .
Clearly, if X is a Fréchet–Urysohn space, then every point of X is a Malychin point. It
is also obvious that if X is first countable at a point x ∈X, then x is a Malychin point in
X. If every point in X is a Malychin point, we call X a Malychin space.
The next result belongs to Malychin [20]. It tells us what is left of first countability
under the product operation. Before we formulate it, we would like to mention that, in
our opinion, the result is parallel to Šcˇepin’s theorem that the product of any family
of metrizable spaces is κ-metrizable. Indeed, first countability can be very naturally
considered as a pointwise metrizability of the space! It is natural to ask, what is left
of pointwise metrizability under products. Here is an answer. We provide a proof for
Theorem 4.1, since Malychin did not prove it explicitly in [20].
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Theorem 4.1. Let F = {Xα : α ∈ A} be a family of topological spaces, X =∏{Xα: α ∈
A} the product of the family F , and a = {aα} a point of X such that Xα is first countable
at aα , for each α ∈A. Then a is a Malychin point in X.
Proof. Let γ be a family of Gδ-subsets of X such that a ∈ ∪γ . We may assume that every
element P of γ is a standard Gδ-set in X, that is, P =∏{πα(P ): α ∈ A}, where πα(P )
is a Gδ-subset of Xα , for each α ∈A, and πα(P )=Xα , for each α ∈A \K(P), for some
countable subset K(P) of A.
Let us also fix a countable base ηα = {Uα,n : n ∈ ω} of the space Xα at the point aα such
that Uα,n+1 ⊂Uα,n, for every α ∈A and every n ∈ ω.
We will now define by induction a sequence of elements of γ and two sequences of
subsets of A as follows.
Let P0 be any element of γ , and put K0 =K(P0). We enumerate elements of K0. Thus,
K0 = {α0n: n ∈ ω}. Put A0 = {α00}.
Assume now that m ∈ ω and we already defined elements Pi of γ , countable subsets Ki
ofA, and finite subsetsAi ofA for each i m. We also assume that eachKi is enumerated:
Ki = {αin: n ∈ ω}. Then we define Pm+1, Km+1, and Am+1 in the following way.
Let Wm+1 be the standard open neighbourhood of a in X corresponding to the finite
subset Am of A and to the open subsets Uα,m+1, for α ∈ Am. Since a belongs to the
closure of ∪γ , there exists Pm+1 ∈ γ such that Wm+1 ∩Pm+1 = ∅. Put Km+1 =K(Pm+1)
and let Km+1 = {α(m+1)n: n ∈ ω}. Finally, put Am+1 = {αij : i m+ 1, j m+ 1}. The
definition is complete. Notice that Ai ⊂Aj when i < j .
Claim: The family η= {Pn: n ∈ ω} Fréchet accumulates to a.
To see this, let B =⋃{Kn: n ∈ ω}. Then B is a countable subset of A, and παPn =Xα ,
for each α ∈ A \ B . Therefore, it is enough to show that the countable family ηB =
{πBPn: n ∈ ω} Fréchet accumulates to the point aB = πBa. Now, the last statement is
true since {πBWn: n ∈ ω} is, obviously, a decreasing base of the space XB = πBX at the
point aB , and πBWn ∩ πBPn = ∅, for each n > 0.
It follows that a is a Malychin point in X. ✷
We also need the next simple result:
Proposition 4.2. If f is an open continuous mapping of a space X onto a space Y , and a
is a Malychin point in X, then f (a) is a Malychin point in Y .
Proof. Let γ be a family of Gδ-subsets in Y such that f (a) is in the closure of ∪γ . Put
η= {f−1Q: Q ∈ γ }. Then a ∈ ∪η, since the mapping f is open. Therefore, there exists a
countable subfamily ξ of γ such that the family {f−1Q: Q ∈ ξ} Fréchet accumulates to
a. Then, by continuity of f , the family ξ Fréchet accumulates to f (a). ✷
Corollary 4.3. If a product space X× Y is Malychin, then X and Y are Malychin spaces
as well.
We also need the next two statements, the first of which is obvious.
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Proposition 4.4. A space of countable pseudocharacter is Malychin if and only if it is
Fréchet–Urysohn.
Proposition 4.5. Every Gδ-dense subspace of a Malychin space is a Malychin space.
Proof. This assertion easily follows from Lemma 2.4. ✷
Now we have almost all technical results we need to establish one of the most general
theorems in this paper.
Theorem 4.6. Suppose X is a power homogeneous space satisfying the next two
conditions:
(1) The set Y of all Gδ-points in X is Gδ-dense in X;
(2) X is first countable at least at one point.
Then every point in X is a Gδ , and Xω is Fréchet–Urysohn.
Proof. Assume that X is power homogeneous, and fix an infinite cardinal number τ such
that Xτ is homogeneous. From Theorem 4.1 it follows that there exists a Malychin point
in Xτ . Since Xτ is homogeneous, we conclude that every point of Xτ is Malychin point,
that is, Xτ is a Malychin space. By Corollary 4.3, Xω and X are also Malychin spaces.
The space Yω is Gδ-dense in Xω , since Y is Gδ-dense in X. Therefore, by Proposition 4.5,
Yω is Malychin. Since each point in Yω is Gδ , it follows from Proposition 4.4 that Yω is
Fréchet–Urysohn. Hence, the tightness of every finite power of Y is countable, and we can
apply Theorem 3.2. It follows that Y τ is weakly Klebanov. Since Y τ is Gδ-dense in Xτ ,
and Xτ is homogeneous, Lemma 2.5 implies that Xτ is weakly Klebanov. Therefore, X is
weakly Klebanov, as a retract of Xτ (see Lemma 2.7).
Now take any point x ∈ X. Since X is Malychin, and each point of Y is a Gδ in X,
there exists a sequence (yn: n ∈ ω) of points in Y converging to x (recall that Y is dense
in X). It follows from Lemma 2.9 that x is a Gδ-point in X (hence, x ∈ Y ). Since Xω is a
Malychin space of countable pseudocharacter, it follows from Proposition 4.4 that Xω is
Fréchet–Urysohn. ✷
Corollary 4.7. Suppose X is a locally pseudocompact power homogeneous space, first
countable at a Gδ-dense set of points. Then X is first countable.
Proof. This follows from Theorem 4.6, since every Gδ-point in a pseudocompact space is
a point of first countability. ✷
Recall that Corson compacta are compact subspaces ofΣ-products of metrizable spaces
(see [4]). It is well known (and easy to see) that every Corson compactum X is ω-mono-
lithic, that is, the closure of each countable subset ofX is a space with a countable base [4].
Theorem 4.8. If an ω-monolithic locally compact space X of countable tightness is power
homogeneous, then X is first countable.
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Proof. Every ω-monolithic compact space X of countable tightness is first countable at a
Gδ-dense set of points (see [4]). It remains to apply Corollary 4.7. ✷
Corollary 4.9. If a Corson compactumX is power homogeneous, thenX is first countable.
Remark 1. On the other hand, every zero-dimensional first countable space X is power
homogeneous. Indeed, Dow and Pearl [12] have shown that if X is such a space, then Xω
is homogeneous.
Theorem 4.10. If a scattered space X is power homogeneous, then every point in X is a
Gδ , and Xω is Fréchet–Urysohn.
Proof. We may assume that X is not empty. Then there is an isolated point a in X; clearly,
X is first countable at a. To derive the desired conclusion from Theorem 4.6, it remains to
prove the next lemma. ✷
Lemma 4.11. For any scattered space X, the set of Gδ-points in X is Gδ-dense in X.
Proof. Let P be any non-emptyGδ-subset of X. Since X is scattered, in the space P there
exists an isolated point x . Then, clearly, x is a Gδ-point in X. ✷
Corollary 4.12. A compact scattered space X is power homogeneous if and only if it is
countable.
Proof. The sufficiency is obvious, in view of Remark 1 and the fact that every countable
compact space is first countable (see [13]).
Necessity. The space X is first countable, by Theorem 4.10, since every Gδ-point in
a compact space is a point of first countability. However, every compact scattered first
countable space is countable (see [24]). ✷
The next result follows immediately from Theorem 4.8 and Theorem 4.10.
Corollary 4.13.
(1) [20] The space ω1 + 1 is not power homogeneous.
(2) The subspace ω ∪ {p} of βω, where p is any point of βω \ ω, is not power homo-
geneous.
(3) The space S(ω1) (the Fréchet–Urysohn fan of cardinality ω1) is not power homo-
geneous.
On the other hand, by the result of Dow and Pearl [12] (see Remark 1), the space ω1
is power homogeneous. We recommend to the reader to look into Kunen’s paper [19], in
which he establishes that, under some very general restrictions on a compact space Y , the
product (ω1)× Y is not homogeneous.
We conclude this section with the next consistency result, where CH stands for the
Continuum Hypothesis.
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Theorem 4.14. (CH) If a locally compact sequential spaceX is power homogeneous, then
X is first countable.
Proof. Under (CH),X has aGδ-dense set of points of first countability (see [3]). It remains
to refer to Corollary 4.7. ✷
The last result can not be extended to countably compact spaces, since there are well
known examples of countably compact sequential topological groups that are not first
countable (the Σ-product of uncountably many copies of the two-element group, for
example).
5. Back to Moscow spaces
Though we obtained quite a few general results on power homogeneity covering certain
more concrete results of van Douwen and Malychin, several van Douwen’s results in
this direction remain uncovered. In particular, van Douwen established that the Stone–
ˇCech compactification of any infinite discrete space is not power homogeneous [9]. This
statement is not a direct corollary to any theorem in the previous sections.
However, the techniques we developed are applicable in this case as well. We show it
below.
Theorem 5.1. Assume that X is a power homogeneous Moscow space such that the set Y
of all isolated points is dense in X. Then every point x in X is a Gδ and the space Xω is
Fréchet–Urysohn.
Proof. From Theorem 4.1 and Corollary 4.3 it follows thatX andXω are Malychin spaces.
Since x ∈ Y , and every point in Y is a Gδ-set in X, it follows that there exists a sequence
ξ = {yn: n ∈ ω} of points of Y converging to x .
The set V = {yn: n ∈ ω} is open in X, since each point of Y is isolated in X. We also
have V = V ∪ {x} = {yn: n ∈ ω} ∪ {x}, since ξ converges to x . Since X is Moscow, it
follows that there exists a Gδ-set P such that x ∈ P ⊂ V = {yn: n ∈ ω} ∪ {x}. Then P is
countable. Therefore, x is a Gδ-point in X.
It follows that every point in Xω is a Gδ . Since Xω is Malychin, Proposition 4.4 implies
that the space Xω is Fréchet–Urysohn. ✷
Corollary 5.2. Assume that X is a power homogeneous pseudocompact Moscow space
such that the set of all isolated points is dense in X. Then X is first countable.
Corollary 5.3. Assume that X is a subspace of βω such that ω ⊂X and X ∩ (βω \ ω) is
dense in βω \ ω. Then X is not power homogeneous.
Proof. Clearly, X is dense in βω. Since βω is extremally disconnected, it follows that X
is extremally disconnected. Therefore, X is a Moscow space.
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Assume now that X is power homogeneous. Then, by Theorem 5.1, every point in
X is a Gδ . It follows that X ∩ (βω \ ω) is a dense subspace of βω \ ω of countable
pseudocharacter. However, according to an old result of Amirdjanov [1], there is no such
subspace in βω \ω. ✷
Notice that we can not use weakly Klebanov spaces in the argument above, since neither
βω nor βω \ω are weakly Klebanov.
Corollary 5.4 [9]. The space βω is not power homogeneous.
The last result can be also derived from yet another general statement. First, a definition.
A subspace X of a space Z will be called Fréchet–Urysohn in Z if, for every point z ∈ Z
and every subset A of X such that z ∈ A¯ there exists a sequence of points of A converging
to z.
Theorem 5.5. Assume that X is a first countable space, and Z a power homogeneous
space such that X is a dense subspace of Z. Then Xω is Fréchet–Urysohn in Zω (and,
therefore, X is Fréchet–Urysohn in Z).
Proof. The space Z is first countable at each point of X, since X is dense in Z. Since Z is
power homogeneous, it follows from Theorem 4.1 and Corollary 4.3 that Zω is Malychin.
As every point of Xω is a Gδ-point in Zω , we conclude that Xω is Fréchet–Urysohn
in Zω. ✷
Corollary 5.6. If X is a first countable space, and Z is a power homogeneous extension
of X, then |Z| |X|ω.
Proof. This immediately follows from Theorem 5.5. ✷
Example 5.7. Since every zero-dimensional first countable space is power homoge-
neous [12], it is natural to ask whether every such space has a power homogeneous com-
pactification. Clearly, if X is a zero-dimensional separable metrizable space, the answer
is “yes”. Unfortunately, we can not considerably generalize the last statement, since there
exists a zero-dimensional first countable space X with a countable network such that no
compactification of X is power homogeneous.
Indeed, van Douwen and Przymusin´ski have constructed a first countable space X with
a countable network such that every compactification bX of X contains a copy of βω [11].
It is very easy to modify their construction so that the space X will be, in addition, zero-
dimensional. Now it follows from Corollary 5.6 that no compactification of X is power
homogeneous.
Theorem 5.8. Suppose X is a normal first countable space, and Z is a power
homogeneous space such that X ⊂Z ⊂ βX. Then Z =X.
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Proof. Assume that Z \X is not empty, and fix a point z ∈ Z \X. By Theorem 5.5, there
exists a sequence {xn: n ∈ ω} of points of X converging to z. However, this is impossible,
since X is normal and z ∈ βX \X (see [13]). This contradiction completes the proof. ✷
Corollary 5.9. Suppose X is a non-compact normal first countable space. Then its Stone–
ˇCech compactification βX is not power homogeneous.
Corollary 5.10. Suppose X is a noncompact metrizable space. Then its Stone– ˇCech com-
pactification βX is not power homogeneous.
In particular, it follows that βQ is not power homogeneous, where Q is the space of
rational numbers [9]. Also Corollary 5.4 is a particular case of Corollary 5.10.
6. Some generalizations
Instead of investigating when some power of a spaceX is homogeneous, we can consider
a more general situation which can be described as follows.
Let X be a space, and P a class of spaces. Then it is natural to ask the following
Question 6.1. Is there a family F = {Yα : α ∈ A} of spaces in P such that X ×∏F =
X×∏{Yα: α ∈A} is homogeneous?
The question when a space X is power homogeneous is a particular case of Question 6.1
obtained when P = {X}.
Note, that if P is the class of all spaces then the answer is “yes” according to the already
cited fundamental result of Uspenskij [28]: for every X there exists a space Y such that
X×Y is homogeneous. Reznichenko [23] obtained many interesting versions of this result
of Uspenskij, in which a restriction is imposed on X and Y that they should both belong to
a certain class P of spaces. Certain concrete versions of Question 6.1 were considered by
K. Kunen in [19].
One of natural additional requirements in Question 6.1 could be the assumption that X
itself belongs to the class P .
The main purpose of this short section is to show that the techniques developed in
previous sections can be easily adapted to obtain several general results in the direction
of Question 6.1, which formally are much stronger than the corresponding statements on
power homogeneity. However, since the proofs of these results are practically the same as
the proofs of the theorems on power homogeneity, and the pattern of their formulations is
also clear, we present below only a few such generalizations, omitting the proofs, and not
trying to reformulate in this way all the results in the previous sections.
Theorem 6.2. LetF = {Yα: α ∈A} be a non-empty family of non-empty Corson compacta
such that the product
∏{Yα : α ∈ A} is homogeneous. Then each space Yα in F is first
countable.
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Proof. The proof of this result is similar to the proof of Corollary 4.9. ✷
Theorem 6.3. If F is a family of non-empty scattered compacta such that the product of
F is homogeneous, then every space in F is countable (and, therefore, metrizable).
Proof. The proof of this result is parallel to the proof of Corollary 4.12. ✷
Note the next general version of Corollary 1.15:
Theorem 6.4. Let Gα be a pseudocompact topological group, and bαGα a compactifica-
tion of Gα , for each α ∈A, such that the product∏{bαGα: α ∈A} is homogeneous. Then
bαGα is the Stone– ˇCech compactification of Gα , for each α ∈A.
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